
U N S T E A D Y  M O T I O N  OF R O T A T I N G  R I N G  OF V I S C O U S  

I N C O M P R E S S I B L E  L I Q U I D  W I T H  F R E E  B O U N D A R Y  

V. O. B y t e v  

We examine the plane problem of rotationally symmet r i c  motion of a rotating ring of 
viscous incompress ible  liquid with free boundary. The theorem for the existence and 
uniqueness of the problem solution is obtained. The qualitative propert ies  of the solution 
and its asymptotic behavior as t - - ~  are  studied. 

1. Formulat ion of the Problem.  Let a viscous liquid fill at the initial moment  the ring R20 < r < Rio 
and have a given distribution, having rotational symmet ry ,  of the radial and angular velocit ies.  

We are  required to study the inertial  motion of the ring. The initial conditions have rotational sym-  
metry ,  therefore  it is natural  to seek the solution of the problem in this c lass .  It will be shown later  that 
the problem is uniquely solvable in this c lass .  

Whether the problem has a solution not having axial s y m m e t r y  is not known. As the mathematical  
model of the motion we use the sys tem of Navier-Stokes equations, which is to be solved in the region 
t > 0, R2(T) < r < Rl(t). Here r = R1.2(t) a re  respect ively the outer and inner boundaries of the ring, which 
are  initially unknown. The equation of continuity in polar coordinates d(rv r ) / d r  -- 0 is easily integrated 
and yields 

v r = r-l~ (t) (1.1) 

Therefore  the Navier-Stokes equations in polar coordinates can be writ ten as 

I a r  o'~ ~ _ ap (1.2) 
r at r a r Or 

a .  �9 av (~v (a ~ i a~ ~ ) 
a - - i - + T - ~ - + - ~ - -  = v  o-~ - -+  r Or 7~ (1.3) 

Here v -=- v 0 and p = 1, which does not impair  the general i ty.  We obtain the following edge conditions 
f rom vanishing of the s t r e s s  vec tor  at the free boundary 

2vO=_ 0 
�9 fr, = --  P r~ 

av v 0 for r = RI.~ (t) (1.4) 
"fro Or r 

F r o m  (1.2) with the aid of (1.4) we find 

Rl(t) 

I ~ d r - -  I t t \[2 I, ---z;- ~'--O-- I n  R~ 
Rdt) 

We add the initial condition to (1.5) 

(1.5) 

r  = r  (1.6) 
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The  k i n e m a t i c  cond i t i on  a t  t he  f r e e  b o u n d a r y  

y i e l d s  the  a r e a  i n t e g r a l  

d [B1, ~ (t)l q) (t) 
dt R1,2 (t) 

.R12 - -  R2 2 = RlO 2 - -  R2O 2, R~o = R~ (0) (i = 1,2) 

(1.7) 

The  i n i t i a l  and edge cond i t i ons  fo r  (1.3) have  the  f o r m  

v(r,  O) = vo(r) (1,8) 

ov v O, t > ~ O ,  r - - - - R 1 , 2 ( t )  ( 1 . 9 )  
Or r 

We note  tha t  the  m o m e n t  of  m o m e n t u m  c o n s e r v a t i o n  law is  s a t i s f i e d  fo r  (1.3) 

R~(t)  R ~o 

I r~v (r, t) dr = I r2v~ (r) dr (1.10) 
R (t)  R o 

In the  o b t a i n e d  s y s t e m  of equa t ions  we  c o n v e r t  to new independen t  v a r i a b l e s  and unknown func t ions  
u s ing  the  equa t ions  

r 2 - -  R22 (t) R202 1: 
~t = R2o~ , t = T 

= ~ rr ~ - m~ (0 , = ---r (1.11) 

M o r e o v e r ,  we  i n t r o d u c e  the  no ta t ion  

a = R i o  2 /R:o  2 - t  

Then  the  p r o b l e m  (1.3), (1.5)-(1.9) t a k e s  the  f o r m  

Oco ~ " 020) - -  8 00)  
0--7+ co = 4 ( ~  + n ) ? - ~ •  on 

r ],=o = ~o (~) (o ..< n -.< a) 

& 0 / 0 q =  0, ~ 0 ,  ~ l = 0 ,  a 

(1.12) 

(1.13) 

(Z .14) 

a 

d,  a ,  (r -- 4) i Ir d~l (1.15) 
~-- --  ~ (~ -pa) ln(t -f-a/~) @ ln(t -t-a/~) 

0 

4 / d T  = 2, ,  ~p(0) = r ~(0) = i (1.16) 

W e  no te  t ha t  as  a r e s u l t  of  the  r e p l a c e m e n t  we can  c o n v e r t  f r o m  a b o u n d a r y  p r o b l e m  wi th  unknown 
b o u n d a r y  to a p r o b l e m  in t he  f ixed  r e g i o n  { 0 -< ~? - a ,  T >-- 0}. 

2. R a d i a l  Mot ion  of the  R ing .  If co -= 0, t he  p r o b l e m  (1.12)-(1.16) s i m p l i f i e s  c o n s i d e r a b l y  and r e -  
duces  to  the  Cauchy  p r o b l e m  (1.15), (1.16). 

Tak ing  ~ as  the  i ndependen t  v a r i a b l e  in (1.15) and us ing  (1.16), we have  

de dr d~ d~ ~ a (r --  4) 
dT --  d~ dv = 2~ -~-~, = 2 4 (~-p a) In (t ~- a/~) 

* k=l = *o 

It w i l l  be  shown l a t e r  t ha t  the  s i gn  of  d~/dT fo r  a l l  "r -> 0 c o i n c i d e s  wi th  the  s ign  of  

(2.1) 

(2.2) 

d-~ ~=0 ---- 2% 

The  c a s e  r ---- 0 d e s c r i b e s  an  expand ing  r i n g ,  and r < 0 d e s c r i b e s  a c o n t r a c t i n g  r i ng .  

I n t e g r a t i n g  (2.1) w i th  the  cond i t i on  (2.2), we ob ta in  
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Let  r < 0, then fo r  

xp = 4 -~ (r -- 4) ]/-1-~ -~ a) 

~ ' -  ~o* = (1 + ~)* -- i ' • ----- 

(2.3) 

the  funct ion r van i shes  and 
rad ius .  As a r e s u l t  of  (1.16) 

0 < ~ < 1 fo r  any r < 0. This  means  tha t  the r ing  c o n t r a c t s  to a c r i t i c a l  

1 I d~ -~- ~ - ~ = t  
1 

(2.4) 

t t  fol lows f r o m  (2.3) tha t  the  t i m e  for  the  r ing  to c o n t r a c t  to the  c r i t i c a l  r ad ius  is infinite,  and the v e -  
loci ty a p p r o a c h e s  z e r o  exponent ia l ly .  

Le t  r > 0, which c o r r e s p o n d s  to expansion of the r ing.  T h r e e  c a s e s  a r e  poss ib le :  

1) If r > 4, then r = O(r Then R2(t) ~ t and the r ing  expansion r a t e  is a symp to t i c a l l y  constant ;  

2) if r = 4,  then r = 4. In this  c a s e  R2(t) N ~ft and the  r a t e  expans ion  R~ ~ 1/~ft ;  

3) if r < 4 then the  r ing  expands a f t e r  an infinite t ime  to the  c r i t i c a l  rad ius  and the r a t e  of  expan-  
s ion app roaches  z e r o  exponential ly;  

3. A p r i o r i  E s t i m a t e s .  Le t  ~ if),  r be  cont inuous funct ions and ~ (T) > 0, then the solut ion w of  the 
p r o b l e m  (1.12)-(1.14) sa t i s f i e s  the  fol lowing ene rgy  e s t i m a t e  

a 

c a  (3.1) I c~ ~< r ( ~  a) 
o 

F o r  p roof  we mul t ip ly  (1.12) by (~ + ~)w. We obtain  

t 0 2 o~ [(~ + n) ~o~] + @ ~',o~ = 4 ~  I(~ + ~)~oo,~1 - ~ (~ + n)~% ~ 

Here  ~' -= d~ /dT  = 2 ~  in a c c o r d a n c e  with (1.16). Le t  us in t eg ra te  this  equali ty with r e s p e c t  to V f r o m  
0 to a .  Using the  edge condi t ions  (1.14) and the no~_negativity of  (~ + ~)2w~, we obtain  

g g 

0 0 

But 
a 

0 0 

T h e r e f o r e  

0 

We in t roduce  the nota t ion 
a 

I (5 + o) ~'d~l --  J 
0 

Then by v i r tue  of the nonnegat iv i ty  of  J we obtain  f r o m  the las t  inequal i ty  

a 

o 

(3.2) 

Since 
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a 

J ~> ~ I c~ 
0 

the  r e q u i r e d  e s t i m a t e  is obta ined.  We note  tha t  f o r  the  solut ion w of the  p r o b l e m s  (1.12)-(1.14) the  ma•  
m u m  pr inc ip le  in the fol lowing f o r m  is val id  [2]. F o r  any cont inuous ~(T), ~0"), ~(~) > 0, [~ [< oothe funct ion 
u = (~ +~)w r e a c h e s  fo r  an e x t r e m u m  e i ther  fo r  T >-- 0, ~ = 0, a o r  ~ = 0, 0 --< ~ ---< a .  

Now let  us e s t ab l i sh  a p r i o r i  e s t i m a t e s  for  ~ and r Le t  us examine  the c a s e  r < 0. Taking  ~ as  the 
independent  v a r i a b l e  in (1.15), we obtain  

a 

~( ar (r - 4) t I 
2 ~  = ~ (5 -~ a) In (t + a/5)  + In (1 + a / ~) o 

o } 2 d l ]  (3 13 ) 

In this  c a s e  (2.1) is the  m a j o r i z i n g  equat ion fo r  (3.3). We denote  by r the  so lu t ion  of  (2.D sa t i s fy ing  
the s a m e  init ial  condi t ion  as  does r 
r < 9. The  de r iva t i ve s  

t h e r e f o r e  

On the bas i s  of  a Chaplygin  type  d i f fe ren t ia l  inequal i ty  we  obta in  

d~/ d ' ~ = 2  % ~ 1 / d ' c - - 2 ~  

0 < ~(+) < ~('0 

As the  m i n o r a n t  we  can t ake  ~ = 1, s ince  d r  is bounded in the  in te rva l  I ~ ,  1 1. 

Hence we conc lude  tha t  fo r  r < 0 and any cont inuous w0(~) t h e r e  exis ts  ~* ,  ~ <  ~* _< 1 s u c h  tha t  
r ) = 0. We can  obta in  a m o r e  exac t  upper  e s t i m a t e  for  ~.* if we use  the m i n o r i z i n g  equat ion 

2q~ = ~ (~ ~- a) In (1 -+- a-]~i -~ ~ (~ -}- a) In (t -I- a / ~) (3.4) 

w h e r e  C is def ined by (3.2). This  e s t i m a t e  is not  wr i t t en  out b e c a u s e  of  its complex i ty .  It can be shown 
tha t  fo r  r < 0 the ro ta t ing  r ing  c o n t r a c t s  to the  c r i t i c a l  rad ius  a f t e r  a finite t ime .  

In fact ,  let  ~ - ~ * ,  then the  f i r s t  t e r m  in the  r igh t  s ide of  (3.3) a p p r o a c h e s  z e r o  while  the  second  
t e r m  a p p r o a c h e s  a f inite,  n o n z e r o  va lue .  If it w e r e  equal to z e r o ,  then as  a r e su l t  of  the  m a x i m u m  p r i n -  
c ip le  for  the  funct ion u = (~ + ~)w we find that  w = 0. 

T h e r e f o r e  r = O(4 ~* _~)  and the  in tegra l  

~(~=t 

c o n v e r g e s  as  ~ - " ~ * .  I tenee  fol lows the  s t a t e m e n t  to be  proved .  

In the e a s e  r -> 0 the  inequal i ty  (3.1) makes  it poss ib le  to wr i t e  the  m a j o r i z i n g  equat ion for  (3.3); 
(2.1) wil l  be  the  m i n o r i z i n g  equat ion.  T h e r e b y  we obta in  the a p r i o r i  e s t i m a t e  I r I <- K(T) fo r  (0, T) with 
any  T < ~ .  Af te r  the e s t i m a t e s  fo r  (3.1) a r e  obta ined,  and a l so  the e s t i m a t e s  for  r we can t u r n  to p roo f  
of  the t h e o r e m  on ex i s t ence  and un iqueness .  

4. T h e o r e m  on E x i s t e n c e  and Uniqueness .  F o r  any cont inuous w0(~) and fo r  any  r t h e r e  ex i s t s  a 
unique solut ion of  the  p r o b l e m s  (1.12)-(1.16) for  al l  t - 0. 

We sha l l  p r e s e n t  an abb rev i a t ed  proof .  We in t roduce  the space  C = C[0, T1] , whose  e l emen t s  a r e  
cont inuous on [0, r t l  v e c t o r  funct ions )t{~ (r), r  with the n o r m  

II~.ll = max,{rnax]~ h 1~ I} 

We spec i fy  xl{~(v) ,  r cont inuous  on [0, Tll , and we subs t i tu te  ~1 and r in p lace  of  ~ , r  in (1.12). 
Then  the funct ion r is uniquely defined as the  solut ion of the  second  boundary  p r o b l e m  (1.12)-(1.14) ([2], 
Chap te r  5) and we have the  e s t i m a t e  

i o)~dq ~ K (.r~) (~ > ~ > O) 
o 
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F r o m  the  va lue  found fo r  w we d e t e r m i n e  ~, r as  the solut ion of  the Cauchy p rob l ems  (1.15), (1.16). 
T h e r e b y  we d e t e r m i n e  the o p e r a t o r  T which  makes  the pa i r  of  funct ions {~1, r c o r r e s p o n d  to the pa i r  of  
of  funct ions {~,  r  By v i r t ue  of  the a p r i o r i  e s t i m a t e s  obta ined fo r  ~, r and a l so  (3.1), this o p e r a t o r  maps  
the sphe re  [ [ X - X 0 t l  < k of  the  space  C[O, ~'~] onto i tse l f .  Here  X0 = { 1 ,  r M o r e o v e r ,  T is a con t r ac t ing  
o p e r a t o r ;  this  is eas i ly  ach ieved  as  a r e s u l t  of  the  s m a l l n e s s  of  T l .  It  is c l e a r  tha t  the ex i s tence  of  a s t a -  
t i o n a r y  point of the o p e r a t o r  T p roves  the t h e o r e m  on the ex i s t ence  and uniqueness  of  the p rob lem (1.12)- 
(1.18) for  suf f ic ient ly  s m a l l  T 1.  The ex i s t ence  of  a un i fo rm a p r i o r i  e s t ima te  for  

a 

f ~ ~ (~), $ (~) 
0 

makes  it poss ib le  to obtain by r e p e a t e d  appl ica t ion  of  t h e s e  a r g u m e n t s  the ex i s tence  and uniqueness  t h e o r e m  
fo r  the in te rva l  (0, T) with an  T < r 

5. Qual i ta t ive  D e s c r i p t i o n  of  the Motion.  We have obta ined c e r t a i n  qual i ta t ive  r e s u l t s :  the r ing  a l -  
ways  c o n t r a c t s  to the c r i t i c a l  r ad ius  a f te r  a f ini te  t ime  except  fo r  the case  w = 0. In this c a s e  the c o n t r a c -  
t ion  t ime  is infinite.  Af te r  the r ing  c o n t r a c t s  to the c r i t i c a l  rad ius  it begins  to expand. This  c a s e  is m o r e  
complex .  

Equat ion (3.4) is m a j o r i z i n g  for  (3.3) with ~ - 1~ Le t  us examine  for  it the Cauchy p r o b l e m  with the 
ini t ia l  condi t ion ~vl~= t = r This  p r o b l e m  is solved expl ic i t ly  

cp 

2~dz = In In (t + a / ~) 
~ - -  4 g + c In (t + a) 

In view of  the i r  complex i ty  the final equat ions a r e  not wr i t t en  out.  The  fol lowing t h r e e  c a s e s  a r e  
poss ib le .  

F i r s t  C a s e  c > 4. Then  ~v = 0(r as  ~ ~ ~  If r > 4 the  m i n o r a n t  (2.3) behaves  the s a m e  as  ~ ~ r  
t h e r e f o r e  the  so lu t ion  as  ~ ~oo  in this  c a s e  is a l so  r = O(r F u r t h e r  

Consequent ly  R 2 (t) = O(t) as  t -* ~ .  

Second C a s e  C = 4. Then:  

a) if r > 2, then as be fo re  

d [R~ (t)] r R~ (t) 
d t  - -  R ~  (t)  ' ~ ~ R2o "~ 

= o (]/~) for ~-~ 

b) if r = 2,  then we find d i r e c t l y  f r o m  (5.1) 

_=2 or ~(~)~<2 

c) if r  then ~ ~ 2  as  ~ ~ ~ .  

Th i rd  C a s e  c < 4. We in t roduce  the nota t ion b = 4r  

a) if r > 2 + b, then ~v = O(r as  ~ -~ 

b) if 2 - b  < r < 2 + b, then ~v(~) is bounded 

r  for ~--~ oo 

c) if r < 2 - b ,  then r - - 2 - b , h o w e v e r ,  while  in the  p r eced ing  c a s e  ~v(~) app roached  2 - b  f r o m  
above,  in this  s u b e a s e  it a p p r o a c h e s  f r o m  below.  

F o r  r < 4 the m i n o r a n t  van i shes  fo r  s o m e  fini te  ~. 

We sha l l  show that  the so lu t ion  r of (3.3) does not  van i sh  for  any  finite }. 

Le t  us examine  (3.3). Le t  ~l > 1 be the f i r s t  va lue  for  which  r = 0. As ~ - ~ 1  f r o m  the left we have 
r -~ + 0, and the  in teg ra l  

i o~dq -~ const > 0 
0 
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(The positivity of this limit follows from the maximum principle (see. Section 2), since otherwise w --- O). 
On the other hand, the limit of the Ieft side of (3.3) obviously cannot be positive as ~ - - ~ 1 - 0 ,  which proves 
the s ta tement  made. 

We see from the preceding analysis  that there  a re  two qualitatively different expansion regimes .  In 
the f i rs t  reg ime R2(t) = O(t). This reg ime corresponds  to expansion either for r -- 4 and any c, where r 
plays the role of the radial  Reynolds number;  for c > 4 and any r >- 0, where c plays the role of the angu- 
lar  Reynolds number,  or  for c = 4 and r < 2. Such asymptotic behavior  is charac te r i s t i c  for  the potential 
motion of a rotating ideal liquid ring [3]. In the second regime R2(t) = o(~ft). This occurs  either for r < 4, 
c < 4 or  for ~b0< 2, c = 4. 

In fact,  in this case  the solution of the major iz ing equation is bounded for all t, therefore  

dTR~(01<_~ a~(t) = 0 (Vi) 
d t  " ~  R~  (t) ' 

We note the following interest ing fact. Let R20 = 0, then the governing equations admit the s ta t ionary 
solution 

v-=~r ,  ( I )=0 ,  p = - - l / 2 ~ ( R l ~ - - r  2) 

which cor responds  to rotat ion of the ring as a solid body, but it is sufficient to take R20 ~ 0 even a r b i t r a r i -  
ly smal l  for the picture to change markedly:  There  a re  in general  no stat ionary solutions other  than 

v = 0 ,  q) = 0 ,  p = 0  

6. Motion of Ideal LiquidRing. Ovsyannikov [3] examined the potential motion of a rotating ideal 
liquid ring. In the following we examine the more  general  case  of vor t ica l  motion. For  v -- 0 the basic 
equations simplify,  and after  replacing the independent var iables  and the unknown functions using the 
equations 

- -  / ~  ( t )  r ~ - -  R ~  ~" ( t )  U : R 2 o  �9 

they can be wri t ten in the form 

Ou U 
0-~ + ~ = 0, u (n, i )  = uo(n) 

a 
d ' 

o 

(6.1) 

(6.2) 

Problems (6.1) and (6.2) a re  solved sequentially and yield 

a 

~ a 

It is c lear  that for any continuous on [0, a] functions U0(~) and ~(T) < 1 there  exists an 0 < ~* < 1 
such that w(~*) = 0. 

As ~ ~ *  we have 

Considering that 

w(~) ---- K ] / ~ - -  ~*[l + O(~--~*)] (k=~0) 

t=i ) 
1 

we find that the ring contracts  to the cr i t ica l  radius af ter  a finite t ime. However, if W 0 > 0, then W(~) = 
O(4-~) as ~ ~ .  This means that R2(t ) = O(t) as t ~ r which is analogous to the asymptot ic  behavior  of 
the potential motion [3]. 
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